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Turbulent Mixing Noise from Supersonic Jets
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There is now a substantial body of theoretical and experimental evidence that the dominant part of the turbu-
lent mixing noise of supersonic jets is generated directly by the large turbulence structures/instability waves of
the jet flow. Earlier, Tam and Burton provided a description of the physical mechanism by which supersonically
traveling instability waves can generate sound efficiently. They used the method of matched asymptotic expan-
sions to construct an instability wave solution which is valid in the far field. The present work is an extension of
the theory of Tam and Burton. It is argued that the instability wave spectrum of the jet may be regarded as gen-
erated by stochastic white noise excitation at the nozzle lip region. The reason why the excitation has white noise
characteristics is that near the nozzle lip region the flow in the jet mixing layer has no intrinsic length and time
scales. The present stochastic wave model theory of supersonic jet noise contains a single unknown multiplicative
constant. Comparisons between the calculated noise directivities at selected Strouhal numbers and experimental
measurements of a Mach 2 jet at different jet temperatures have been carried out. Favorable agreements are

found.

1. Introduction

UPERSONIC jet noise consists of three main components.

They are the turbulent mixing noise, the broadband shock as-
sociated noise, and the screech tones. The latter two noise compo-
nents are generated only when the jet is imperfectly expanded and
a shock cell structure is formed in the jet plume. This paper consid-
ers perfectly expanded jets and turbulent mixing noise alone.

There is now a substantial body of theoretical and experimental
evidence that the dominant part of the turbulent mixing noise from
supersonic jets is generated directly by the large turbulence struc-
ture/instability waves of the jet flow (see Refs. 1 and 2). Figure 1
shows the directivities of turbulent mixing noise from an isother-
mal Mach 2 jet (total temperature = 500 K) at four selected Strou-
hal numbers measured by Seiner et al.> The data indicates that for
inlet angles less than 110 deg, the jet noise radiation is almost uni-
form without any preferred direction. It is believed that this low
level, almost uniform background noise is generated by the fine-
scale turbulence of the jet flow. The predominant part of the turbu-
lent mixing noise is radiated in the downstream directions at inlet
angles greater than 130 deg. This part of the noise is generated di-
rectly by the large turbulence structures/instability waves of the jet
flow. The prediction of this dominant part of turbulent mixing
noise is the primary objective of this paper. The physical mecha-
nism by which the large turbulence structures/instability waves
generate sound was described by Tam and Burton.! The noise gen-
eration process is most efficient when the propagation velocity of
the instability wave is supersonic relative to the ambient speed of
sound. It is well known in gas dynamics that supersonic flow past a
wavy wall can cause intense Mach wave radiation. A supersonic
instability wave, in many ways, is analogous to a supersonically
traveling wavy wall. Thus, such an instability wave is an efficient
noise generator.

In the mixing layer of a supersonic jet, the flow and all of the
turbulence statistics exhibit self-similarity. The spreading rate of
the jet is very small so that the turbulence characteristics change
very slowly in the downstream direction. These suggest that the
turbulent motion of the flow is locally in a state of quasiequilib-
rium. According to standard statistical mechanics theory, when a
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system is in a state of equilibrium, the large-scale fluctuations of
the system can be represented by a linear superposition of its nor-
mal modes. For the jet flow, a good representation of the large-
scale turbulent motion in a statistical sense, therefore, is to use a
linear superposition of the normal modes of the jet flow. The im-
portant normal modes in this case are the instability wave modes
of the jet. Thus, from this point of view, the large-scale turbulence
structures of the jet and the instability wave modes are synony-
mous. The latter could be regarded as a mathematical representa-
tion of the former. Previously, Tam and Chen? have made use of
this reasoning to develop a turbulence theory of two-dimensional
mixing layers. Subsequently, Plaschko>® applied the theory to cal-
culate certain statistical properties of turbulent jets with success. In
this work, we will adopt this statistical point of view concerning jet
turbulence, i.e., we will represent the large-scale turbulent motion
of a supersonic jet by a linear combination of all of the instability
wave modes of the jet. The amplitude of the instability waves are,
however, treated as stochastic random functions in accordance
with the indeterministic nature of jet turbulence.

Classical instability wave theory is formulated as an eigenvalue
problem. To ensure that the boundary condition is homogeneous
the theory requires the instability wave solution to decay to zero
(exponentially) away from the jet. Because of this requirement
classical instability wave theory can never predict acoustic radia-
tion. This problem was first recognized and studied by Tam and
Morris.” They showed that the classical solution based on the lo-
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Fig. 1 Measured® noise directivities at selected Strouhal numbers St
of a Mach 2 jet at a total temperature of 500 K: O St = 0.067, I St =
0.12, A St = 0.20, and ¢ Sz = 0.40.
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cally parallel flow approximation is but the first term of a multiple-
scales expansion of the solution of a more rigorously formulated
instability wave theory. The multiple-scales expansion is not uni-
formly valid. It is a proper asymptotic expansion when applied to
points inside the jet. For the space outside, the expansion is invalid
and should not be used.

Subsequently, Tam and Burton! developed a uniformly valid in-
stability wave solution for axisymmetric supersonic jets by the
method of matched asymptotic expansions. In their approach, the
physical domain is divided into two parts. The first region consists
of the jet flow and the near field surrounding the jet. The second
region comprises all of the physical space outside the jet. It is as-
sumed that there is an overlap between the two regions. Physically,
the necessity to divide the entire space into two regions is quite ob-
vious. Inside the jet the mean flow changes very slowly in the axial
direction as compared to the radial direction. This large disparity
in the spatial rate of change in the two directions provides a natural
small parameter for a multiple-scales expansion. Outside the jet,
particularly in the acoustic field, there is no longer any preferred
direction. Multiple-scales solution would, therefore, not be appro-
priate. In applying the method of matched asymptotic expansions
to the instability wave problem, two independent asymptotic ex-
pansions of the solution of the linearized equations of motion of a
compressible inviscid flow are constructed using the slow spread-
ing rate of the jet as the small parameter. The inner solution, in the
form of a multiple-scales asymptotic expansion, is valid inside and
in the adjacent region outside the jet, i.e., the first region. The outer
solution or expansion, constructed by the method of Fourier trans-
form, is valid outside the jet all of the way to the acoustic far field,
i.e., the second region. To guarantee that the two asymptotic ex-
pansions are expansions of the same solution but valid over differ-
ent parts of the physical space, they are matched in the overlapping
region according to the intermediate matching principle.® Match-
ing of the expansions to the lowest order terms gives the eigen-
value of the classical instability wave problem. Matching to the
first-order terms gives the nonparallel flow correction. It also re-
moves the arbitrariness inherent in the normalization of the local
eigenfunction. In this way, Tam and Burton were able to construct
a uniformly valid instability wave solution. To determine the pres-
sure and velocity fluctuations associated with the instability wave
inside the jet, the inner solution is used. To determine the acoustic
near field outside the jet and the radiated noise in the far field, the
outer solution is used. Numerical results of the near field sound-
pressure-level contours at Strouhal numbers 0.2 and 0.4 for a
Mach 2.1 cold jet (total temperature of jet is equal to ambient tem-
perature) obtained by Tam and Burton compared well with the ex-
perimental measurements of Troutt and McLaughlin.!? There were
also favorable agreements between the calculated and measured jet
centerline mass-velocity fluctuations associated with the instabil-
ity waves.

Recently, Tam et al."* argued that if, indeed, large-scale insta-
bility waves were the dominant sources of high-speed jet noise
then the frequency at the peak of the noise spectrum must be
nearly equal to the frequency of the most amplified instability
wave of the jet. Furthermore, the direction of peak noise radiation
must also be nearly equal to the direction of Mach wave radiation
of the most amplified instability wave. They compared the calcu-
lated frequencies and peak noise directions with the hot jet noise
measurements of Tanna et al.'> Three sets of noise spectra mea-
sured at fully expanded jet Mach numbers of 1.4, 1.7, and 2.0 were
used. The jet to ambient temperature ratio covers the range from
cold jet to a ratio of 2.5. Good agreements were found especially at
high jet temperatures. (High jet temperature means high jet veloc-
ity. This ensures that the instability waves are propagating at
highly supersonic velocities relative to ambient sound speed. Thus,
they become the dominant source of noise even for low supersonic
Mach number jets.) Most recently, McLaughlin et al.'> used he-
lium/air supersonic jets at low Reynolds number to study the rela-
tionship between the instability waves of the jet and noise radia-
tion. Their measured Strouhal numbers of the most amplified jet
instability waves agreed well with the calculated results of Tam et
al.!! At low Reynolds number, not surprisingly, the radiated noise
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is dominated by tones. These tones have the same frequencies as
the most amplified instability waves.

The work of Tam and Burton' concentrates on a single instabil-
ity wave. In a high Reynolds number fully turbulent supersonic jet,
there is a wide spectrum of instability waves. To be able to predict
supersonic jet noise, the entire instability wave spectrum must be
considered. The purpose of this work is to make use of the single
instability wave solution of Tam and Burton to construct a broad-
band jet noise theory. A stochastic model of the instability waves
will be developed. This model allows the relative amplitudes of the
instability waves of different frequencies and azimuthal modes to
be determined. With this information, the dominant part of the
noise spectrum and directivity can be predicted from first principle
up to a single multiplicative constant.

Seiner et al.? recently obtained extensive narrow-band noise
measurements for a Mach 2.0 supersonic jet at different jet temper-
atures. Numerical results of the directivity of such a jet at selected
Strouhal numbers will be presented in Sec. III. On comparing the
calculated directivities with measurements, good agreements are
found. This provides strong support for the present stochastic
model theory.

II. Stochastic Instability Wave Model of the Large

Turbulence Structures and Noise of Supersonic Jets

Consider small amplitude disturbances superimposed on the
mean flow of an inviscid perfectly expanded supersonic jet. Di-
mensionless variables with radius of the jet at nozzle exit R;, jet
exit velocity Uj, Rj/uj, jet density at nozzle exit P and p U as the
length, velocity, time, density and pressure scales will be used
throughout the analysis. The Mach number of the jet and the (di-
mensionless) ambient gas density will be denoted by M; and p.,,
respectively. We will begin with the single instability wave solu-
tion of Ref. 1. The formulas for the pressure fluctuation p will be
written out subsequently. Formulas for the other variables are sim-
ilar. Dependence on €, the perturbation parameter in the matched
asymptotic solution of Ref. 1, will not be displayed. With respect
to a cylindrical coordinate system (r, ¢, x) centered at the nozzle
exit, to the lowest order, the inner solution for an instability wave
of angular frequency ® and azimuthal mode mumber » has the form

(r,x, 0, 5;0,n) = Ag(x,n,0)p,(r,x,m) exp {i[6,

p inner

+no—ot+ (n/2)]} ¢))

where 0, (x, w) = J.o o, (x, w) dx; and o,(x, ®) is the local wave-
number (eigenvalue of the instability wave problem). p,(r, x, ®)
is the eigenfunction, normalized so that

P, x, @)= H'Y [iM(at, 0)r] 2)

as r—o. H ,51) [ ] is the nth order Hankel function of the first
kind. The function A(ct, @) is given by

Mo, ) = (of—p Meh)

The branch cuts of the preceding square root function are to be
taken so that —it/2 < arg A < 1/2. The left (right) equality sign is to
be removed if ® is negative (positive). In Eq. (1), the function
Ay(x, n, ®) is the amplitude function of the instability wave. It is
related to the nonparallel flow correction factor B,(x, ®) as

- B, (x, ®)
Aylx, n, ®) = A,(W)e
3)

X

B, (x, ®) =J

I

2dx
ofy
The detailed formulas for /; and I, can be found in Ref. 1. The
wave amplitude at the nozzle exit A,(w) is arbitrary within the
framework of the single instability wave theory. In the present sto-
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chastic wave model theory, the large turbulence structures of the
jet flow are represented by a linear superposition of instability
waves of all frequencies and azimuthal mode numbers. The large
turbulence structures are random and not completely deterministic.
To simulate this characteristic, the initial wave amplitude A,(®)
will be taken as a stochastic random function. For convenience, the
normalized initial amphtude a,(®) will be used instead. Normal-
ized amplitude a,(®) is related to A,(w) by

a, ()

An 0) = —m——
(@) |P,,(r1/2:0, m)l

1G]

where |p,(7,,,, 0, ®)| is the magnitude of the pressure eigenfunc-
tion at the half-velocity point (r = ryp) at the nozzle exit plane
x=0).

To the lowest order, the outer solution may be expressed in the
form of an inverse Fourier transform.

Pouar: 50,5510 = [ A(@)2,(n, @HL" [N, ©)r]

exp [I(Mx+nd—ot+rn/2)] dn 5)

8(n,0) = 5= [ exp {i10,(x,0) ~1x] ~B,(x @)} dx (©

The nonparallel instability wave solution with angular fre-
quency —® and mode number —# is related to the solution with
positive frequency ® and mode number n (see Refs. 4-6). For
eigensolution subjected to normalization (2), it is easy to show that
the following relationships are valid.

0_,(x,~0) = -0,(x, ®)
B, (x,—®) = B.(x, )
)
b (r,x,—0) = f):(r, X, ©)

HY iz, -0yl = H [iMx, )] ™
where the asterisk denotes the complex conjugate. By applying
Egs. (7) to Eq. (6) it is found that

2., (-n.-0) = &,(M, ®) ®)

Now near the nozzle exit of a high Reynolds number supersonic
jet, the turbulent flow in the mixing layer has no intrinsic length
and time scales. As a result, the mean velocity profile as well as
the turbulence statistics exhibit self-similarity. The lack of intrinsic
length and time scales suggests that the spectrum of instability
waves of the jet may be regarded as having been initiated by ran-
dom excitation having no characteristic length and time scales. In
other words, they are excited by white noise at the nozzle exit. In
recent works on broadband shock associated noise, Tam!*!5 used
this reasoning to formulate a stochastic model of the instability
wave spectrum for shock noise prediction. However, for practical
application to the broadband shock associated noise problem the
white noise spectrum was not actually used. Instead a simpler self-
similarity spectrum was adopted. Prior to the work of Tam,!*15
Tam and Chen* and Plaschko>® had developed a similar stochastic
model to predict the characteristics of turbulence in two-dimen-
sional mixing layers and jets with very encouraging results. Here,
such a stochastic instability wave model is adopted for predicting
the dominant part of the turbulent mixing noise of supersonic jets
from first principle.

For applications to jets from aircraft engines, the self-similarity
assumption may become less accurate. In full-scale engines, the
intensity of core turbulence, swirl, and exit profile nonuniformities
could be substantial. When this is true, slight modifications to the
model may be required.

Since the instability wave spectrum is assumed to be initiated by
white noise excitation, it is equivalent to prescribing the condition
that the pressure autocorrelation function at the half-velocity point
at the nozzle exit has the form of a product of delta functions. That
is, if p(r, x, 0, £) is the total pressure fluctuation associated with the
instability waves, then

(p(ri,0,0,0p(r,,,0,0+ D, 1+1)) = 27t2D8(CI))6(1:) (©)]
where ( ) denotes ensemble average, and &( ) is the Dirac delta
function. D is a constant representing the area of the autocorrela-
tion function. It is the only unknown of the present theory.

The total pressure fluctuation p(r, x, ¢, ) can be found by sum-
ming up all of the contributions from instability waves of all fre-
quencies and azimuthal mode numbers. By means of Egs. (1), (3),
and (4) it is found inside the jet

b,(r, x, w)
prinen = 3 [ aope e

- exp [i(9n+n¢—wt+g)—ﬁn] do (10)

By substituting Eq. (10) into Eq. (9) an integral equation, by which
the ensemble average of the stochastic random function a,(®),
(a,(®)a, (")) may be determined, is obtained.

Z 2 jfm<“n(‘°)an'(0)'))ﬁn(rl/z, 0,

A=—oon =—o0

D12 0, @) exp {i[(n+n)p—(0+ &) +nP-0T+7]}

|pn(rl/2’ 0’ (D)Hi’n'(rvza 03 w,)l

dw do’ = 22°D8 (®) & (1) (11)

It can readily be shown, by direct substitution and the use of rela-
tions (7) that the solution of Eq. (11) is

(a,(®)a, (@) = (D/2)d(w+0)s, _, (12)

where 8, ,, is the Kronecker delta.

Now in the far field, the pressure fluctuation associated with the
spectrum of instability waves is given by summing up all of the
contributions from waves of all frequencies and azimuthal mode
numbers. On using Eqgs. (5) and (4) we have

a,(®)
p(r, 36,1 = 2 o soapm

- H,[iM(n, @)rlexp [i(nx + np - ot +1/2)] dn do  (13)

The pressure autocorrelation function at a point (7, x, ¢) in the far
field is

<P(”, x, 0, ) p(r, x, ¢,I+T)> =

S S

n=-oo = —o0

(a,(0)a,(0))
1D,(71,2 0, @) P, (7, 0, @)

8,0, ©)2,, (W, @)H [d (n, @) r1HS Tk, @]
cexp{ilm+n)x+(n+n)o-(0+ 0 ) - 0T +7]}

dn dn’ do de’ (14)
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On using Eq. (12) and relations (7) the right side of Eq. (14) can be
greatly simplified. This gives

(p(r,x, 0, 0)p(r,x,0,t+ 1)) = g z Jio
M’L 0t g0 )
|, (1 0, 03)]

where

G, (r,x,0) = r 2, HY [IAm o) r]e™dn  (16)

The power spectrum S(7, x, ¢, ®) is the Fourier transform of the
autocorrelation function, i.e.,

—iWT

S(r, %, 0, @) = zinr (p(r, %, 0, p(r, x, 0, £ + T " dT (17)

By means of Eq. (15) and on ihtegrating over T and then o, the fol-
lowing noise power spectrum formula is found.

|G, (1, x, 0))|

S(r, x, 9, ) =
n=_°°|pn(r1/2: 09 O‘))l

2 ()

Equation (18) can be further simplified by evaluating the integral
of Eq. (16) asymptotically. Let (R, 6, ¢) be the coordinates of a
spherical coordinate system centered at the nozzle exit. (R, 0, ¢)
are related to the cylindrical coordinate system (r, ¢, x) by

x = Rcos 6, r = Rsin 0
and ¢ is the same. For large R, Eq. (16) can be evaluated by the

method of stationary phase so that Eq. (18) may be rewritten in the
form

S(R, 8,0, f) = 10 log,,

2 3 3 L = A 1/2 2
pj 2 8nD|8, (p.., M0 cos 6, (o)‘ (19)
prefR n=—oo |xbn (r1/2’ 0’ 0‘))]2

where S is the noise power spectrum in decibels (re: per cycle per
unit time), (@ = 27f) is the frequency, and p,,r =2 X 105 N/m? is
the reference pressure for the decibel scale. In Eq. (19), the quanti-
ties inside the summation are dimensionless whereas those outside
are dimensional.

Similarly, on proceeding as earlier the (dimensionless) mean
squared axial velocity fluctuation associated with the instability
wave spectrum at the half-velocity point at the nozzle exit plane is
found to be given by

(12 0, )|
(u’(r ,0,¢,t)>—~ [, (2 O, @] Sdo (20)
v .z_"mr 1P (71,2 0, 0|

where #4,(r, x, ®) is the axial velocity instability wave eigenfunc-
tion.

III. Numerical Results and Comparison
with Experiments
High quality supersonic jet noise data were not readily available
in the literature until the recent work of Seiner et al.> As far as is
known, this is the only study in which narrow-band (122-Hz band-
width) jet noise data at very high jet temperature and velocities

were measured. In the experiments, a convergent-divergent nozzle
of Mach 2 design was used. By means of a propane bumer of ad-
vanced design the total temperature of the jet T, was able to reach
1534 K. Microphones spaced at approximately 3-deg intervals
were used. This arrangement allowed the measurement of highly
accurate noise directivity data. In this section the data of Seiner et
al.? will be used to test the numerical results of the stochastic in-
stability wave model theory. A careful examination of the mea-
sured data reveals that there are distinct differences between the
low temperature jet noise data and those at higher temperatures
(although the jet Mach number is the same). For jets with (static)
temperature equal to or less than ambient temperature the domi-
nant part of the jet noise (see Fig. 1) is radiated primarily to a rela-
tively narrow angular sector in the downstream direction. In addi-
tion, the directivity curves at fixed Strouhal number are very
smooth. In contrast, for jets at much higher temperatures the domi-
nant part of jet noise is radiated to a much wider angular sector.
The directivity curves, especially those at large Strouhal numbers,
are highly irregular and have multiple peaks. To ensure a rigorous
test of the theory we have selected the case of isothermal jet (T =
500 K) and the case with T = 1114 K (representative of high tem-
perature jets) for detailed comparisons with numerical results.

It is well known that the characteristics of the instability waves
of free shear flows and jets are greatly affected by the mean veloc-
ity and density profiles. For this reason, it is desirable to use
smooth profile functions which match the measured mean flow pa-
rameters. In this work, the following error function profile with
three parameters is used to represent the mean axial velocity
a(r, x) of the jet. This profile fits the Mach 2 jet radial mean ve-
locity distributions measured by Seiner et al.’6 quite well.

U %{1_ rf[amz(;:’/_z—(’l—f)m)%%“ @

[
In Eq. (21), erf [] is the error function. The parameters u,, ry/,, and
b are functions of x where u, is the centerline velocity of the jet,
ryy is the radial distance to the half-velocity point, and b is the
half-width of the jet mixing layer. In the initial core region of the
jet, u is equal to u;, and bfry, is very small. In the fully developed
region of the jet farther downstream, u,/u; becomes smaller and
smaller whereas b is equal to ry,. Figure 2 shows the centerline
velocity distribution used in the present calculations. The isother-
mal jet has a much longer potential core. Also shown are the mea-
sured values of u, obtained by Seiner et al.® Figure 3 shows the

ue {velocity scale = uj)
=] o
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o
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Fig. 2 Comparisons between the jet centerline velocity distributions
used in the stochastic wave model calculations and experimental data,
M;=2: model Typ=500K,——-Ty=1114K,and —- — - — mea-
surements.
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axial distributions of b and 7, used in the present calculation for
the T = 500 K jet. The initial mixing layer thickness is b(0)/R; =
0.04. Figure 4 shows those for the Ty = 1114 X jet with b(0)/R; =
0.04. These values are to be compared with the measured data
plotted in the same figure. Clearly from Figs. 2 and 3, the empiri-
cal distributions of u, r,5, and b of the present calculations fit rea-
sonably well with measurements. In Fig. 4, the 1/, curve has been
chosen to agree reasonably well with the measurements. In the an-
alytical model the value of b is determined by the requirement of
conservation of momentumn flux of the jet. It appears to differ from
the experimental data. Presently, we have no explanation for the
disagreement. Overall, we believe that Eq. (21) is a satisfactory
mean velocity profile for testing the stochastic instability wave
model theory.

Seiner et al.® did not provide any mean temperature or jet den-
sity measurements. In the absence of experimental data, the
Crocco’s relation is used to calculate the mean density distribution
across any cross section of the jet. The explicit relation is

p_,-_( y-1 ) L. ( -T_w)z _r-t (1)
5—1+2Mj T0+1T0u- ZM/'uj (22)

J
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b, r,;; {length scale = Rj)
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X

Fig.3 Comparison between the axial distribution of b and r;; used in

the stochastic wave model calculation and measurements”: model —,

Ty =500 K; experiment: O, [, A; rypp at 313K, 755 K, and 1114 K; @,

M, A bat313K,755K, 1114 K.
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Fig.4 See legend of Fig. 3, model ——, Ty = 1114 K.
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Fig. 5 Comparisons between calculated and measured noise directiv-
ities, M;= 2.0, Ty = 500 K: 0.067 S¢, ------ calculated, O measured? 30.12
St, calculated, [0 measured’ 3 0.20 St, — - — - — calculated, ®
measured3; and 0.40 St, ——— calculated, ¢ measured.>

where T, is the ambient temperature and v is the specific heat ratio
of the gas. Equation (22) was also used in Ref. 11.

In the single instability wave theory of Ref. 1, the use of a multi-
ple-scales expansion implicitly assumes that the nonparallel effect
is small. For jet flows, it is known that the spreading rate decreases
with Mach number. Thus, for highly supersonic jets the nonparal-
lel flow correction should be negligible. To compute the nonparal-
lel flow correction factor (3, of Eq. (3), values of the derivatives of
the mean flow and eigenfunction in the axial direction are re-
quired. In the absence of exact jet mean flow and density profiles
accurate determination of these derivatives becomes fairly diffi-
cult. Since the main purpose here is to test the validity of the sto-
chastic instability wave model theory, for simplicity, the small
nonparalle] flow effect has been neglected (i.e., B, is set equal to
zero) in all of the numerical results to be reported subsequently.

It is well known that if the inviscid theory (Rayleigh equation) is
used to calculate the characteristics of the instability waves in the
developed region of the jet where the waves are damped, the calcu-
lation cannot be carried out in the physical plane along the real r
axis. The computation can only be done by the deformed contour
integration method,” which requires analytic continuation of the
solution into the complex r plane. For weakly damped waves, this
procedure is feasible and efficient. However, if the wave is moder-
ately damped, the results calculated by the deformed contour inte-
gration method is not always reliable unless an exact mean flow
profile is known. To be able to integrate the Rayleigh equation
over the deformed contour in the complex r plane, it is necessary
to have the analytic continuation of the mean velocity profile off
the real r axis. If only an empirically fitted velocity profile is avail-
able, there is no known way to perform analytic continuation accu-
rately. To avoid this type of uncertainly and possible error, we
have incorporated turbulent (eddy) viscosity terms in the instabil-
ity wave equations (the compressible Orr-Sommerfeld equations).
With turbulent viscosity terms added, the integration can be car-
ried out completely along the real » axis. Physically, the turbulent
viscosity terms may be regarded as simulating the effect of fine-
scale turbulence on the large turbulence structuresfinstability
waves. In the present work, a local turbulent Reynolds number R,
= u;b/v, (where v, is the kinematic turbulent viscosity and b the
half-width of the jet mixing layer) of 500 is used for the first insta-
bility wave calculations. The calculations are then repeated with R,
= 1000, 2000, up to 5000. It is found that the computed instability
wave characteristics are nearly independent of turbulent Reynolds
number for R, = 2000. In other words, the viscous (eddy) instabil-
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Fig. 7 Relative contributions to the radiated noise from different azi-
muthal instability wave modes, M; = 2.0, Ty = 500 K, St = 0.12: ———
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ity results have nearly reached their asymptotic values (R, — o) at
approximately R, = 2000. With this understanding, we regard R,
= 2000 as the inviscid limit. Accordingly, all of the numerical
results reported next are calculated at a turbulent Reynolds number
of 2000.

Figure 5 shows the computed noise directivities at Strouhal
numbers 0.067, 0.12, 0.2, and 0.4 for the Mach 2.0 jet at'a total
temperature of 500 K (isothermal jet). A preliminary version of
these results has been presented earlier.!” The unknown constant
D of the stochastic wave model theory has been set equal to 4.35 X
101 for best overall comparison with experiment. The measure-
ments of Seiner et al.® are also plotted in this figure. On comparing
the measured and calculated directivities it is clear that there is
good agreement for the three higher Strouhal numbers. Except for
the very small exhaust angles measured from the jet axis at Strou-
hal number 0.2, the difference between the calculated and the mea-
sured directivities is no more than 2.5 dB. The calculated sound

pressure level at Strouhal number 0.067 is, however, low com-
pared with measurements. The reason for this discrepancy is un-
known at this time.

Figure 6 shows the computed directivities at Strouhal number
0.056, 0.1, 0.2, and 0.4 for the Mach 2.0 jet at 111 K total tempera-
ture and the measured data: The value of D has been chosen to be
9.19 x 10710 for the computation. In this case, it appears that there
is overall good agreement between theory and measurements for
all Strouhal numbers. The discrepancy is no more than 2.5 dB ex-
cept for Strouhal number 0.1 at very low exhaust angles. The peak
directions are correctly predicted. The half-widths of the directiv-
ity curves also seem to match the data well. On considering that
only one parameter, namely D, can be adjusted, the overall rea-
sonable agreement between measurements and numerical results
may be viewed as strongly suggesting that the theory must contain
the essential physics of supersonic jet noise generation.

Within the framework of the stochastic instability wave model
theory all of the azimuthal wave modes contribute to the turbulent
mixing noise of the jet. Let us now examine the changes in the
contributions of different modes as the jet temperature increases. It
turns out at low jet temperature the n = %1 (helical or flapping)
modes are the dominant source of noise. Figure 7 gives the indi-
vidual contribution of the n = 0, =1, and %2 instability wave modes
to the radiated noise at Strouhal number 0.12 for the Mach 2 jet at
500 K total temperature. Since essentially only the n = +1 waves
contribute to the radiated noise, the directivity curve would, there-
fore, be smooth and consist of a single peak. For high temperature
Jets the situation is different particularly at high Strouhal numbers.
The n = %1 modes are no longer totally dominant. The higher order
modes become increasingly important. Figure 8 gives the individ-
ual contributions of the n = 0, £1, £2, £3, +4, and 5 instability
wave modes to the total noise of the jet at Strouhal number 0.4 for
the Mach 2.0 jet at 1114 K total temperature. Clearly, no single
wave mode is the dominant source of noise. Even the fifth azi-
muthal mode contributes a small amount of noise radiation in the
small exhaust angle directions. The contribution of the sixth azi-
muthal mode is, however, negligibly small. The fact that more than
one mode contributes significantly to the total jet noise causes the
noise directivity curve to become fairly broad. This is in total
agreement with experimental measurements. In a recent work,
Seiner et al.'® also arrived at a similar conclusion based on single
instability wave calculations.

Finally, Eq. (20) permits us to estimate the root-mean-squared
axial velocity fluctuation associated with the large turbulence
structures/instability waves in the jet mixing layer at the nozzle
exit. By using the values of D already determined, we find
(u(r, 5 0,6, )% to be equal to 0.015 for the T = 500 K jet
and 0.012 for the Ty = 1114 K jet. At the present time, no experi-
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Fig. 8 Relative contributions to the radiated noise from different azi-
muthal instability wave modes, M; = 2.0, T = 1114 K, St = 0.4: ———
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mental data of the turbulence intensity of high Mach number jets,
especially at high temperatures, is available in the literature.
However, for lower Mach number jets, turbulence intensity of
1.5% at the nozzle exit region is not uncommon. Here, we believe
that the axial turbulent velocities required by the theory are not un-
reasonable.

IV. Summary and Discussion

In this work, a stochastic instability wave model theory of the
large turbulence structures and turbulent mixing noise of super-
sonic jets has been developed. The theory is an extension of the
single instability wave solution of Tam and Burton.! In the theory,
the large turbulence structures in the mixing layer of the jet are
modeled by a linear superposition of instability waves of all fre-
quencies and azimuthal mode numbers. The initial amplitudes
(near the nozzle exit) of the instability waves are regarded as sto-
chastic random functions, reflecting on the stochastic nature of the
large turbulence structures. The statistical property of the random
amplitude functions is determined by the requirement that the in-
stability wave spectrum at the nozzle exit has no intrinsic charac-
teristic length and time scales. The theory can predict the spectrum
and directivity of the dominant part of the turbulent mixing noise
of supersonic jets and the turbulence intensity associated with the
large turbulence structures up to a single multiplicative constant.
Numerical results of the theory appear to compare favorably with
experimental measurements.

It must be pointed out at this time that at lower jet Mach num-
bers and temperatures the propagation speeds of the instability
waves are greatly reduced. The Mach wave noise generation mech-
anism, in turn, would become less efficient. For such jets, the con-
tribution of noise from the fine-scale turbulence cannot be ignored.
A comprehensive theory of turbulent jet mixing noise which ac-
counts for both noise components has yet to be developed.
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